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Abstract
This paper is concerned with positive solutions of the boundary value problem (|y′|p−2y′)′ +
f (y) = 0, y(−b) = 0 = y(b) where p > 1, b is a positive parameter. Assume that f is continuous on
(0,+∞), changes sign from nonpositive to positive, and f (y)/yp−1 is nondecreasing in the interval
of f > 0. The uniqueness results are proved using a time-mapping analysis.
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1. Introduction
We study existence and uniqueness of positive solutions of the boundary value problem
{
(|y′|p−2y′)′ + f (y) = 0, t ∈ (−b, b),
y(−b) = y(b) = 0 (1.1)
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382 J. Cheng / J. Math. Anal. Appl. 311 (2005) 381–388where p > 1, b is a positive parameter. We will assume that f : (0,+∞) → (−∞,+∞) is
a continuous function,
1∫
0
∣∣f (r)∣∣dr < ∞, (1.2)
and there exists a θ > 0 such that the following two conditions are satisfied:
(A1) f (θ) = 0, f (r) 0 for r ∈ (0, θ), and f (r) > 0 for r > θ .
(A2) f (r)/rp−1 is nondecreasing in (θ,+∞).
Put
Cp =
(
p − 1
p
)1/p
, (1.3)
and
B0 = (p − 1)1/p
(
lim
r→+∞
f (r)
rp−1
)−1/p 1∫
0
dt
(1 − tp)1/p . (1.4)
Since limr→+∞ f (r) = +∞, there exists a unique η θ satisfying
η∫
0
f (r) dr = 0 (1.5)
(η = θ if and only if f ≡ 0 on (0, θ)). If
η∫
v
f (r) dr > 0 for v ∈ (0, η),
η∫
0
( η∫
v
f (r) dr
)−1/p
dv < +∞, (1.6)
then denote
Λ = [η,∞), B∞ = Cp
η∫
0
( η∫
v
f (r) dr
)−1/p
dv, (1.7)
otherwise
Λ = (η,∞), B∞ = +∞. (1.8)
Our main results of this paper as follows.
Theorem 1.1. Assume that p > 1, f ∈ C(0,+∞) satisfies (1.2) and there exists a θ > 0
such that (A1) and (A2) hold. Then:
(i) Problem (1.1) has a unique positive solution for B0 < b < B∞.
(ii) When B0 > 0, problem (1.1) has no positive solutions for 0 < b B0.
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for b > B∞.
The proof of Theorem 1.1 relies on the shooting method for the characterization of
shape of the time-mapping and will be given in Section 2.
For problem (1.1), when f is superlinear at +∞, Sanchez and Ubilla [4] considered
uniqueness in which f ∈ C[0,+∞) is assumed to
(f1) f (0) 0 and f vanishes at most once in (0,+∞).
(f2) limr→0+ f (r)/rp−1 = a, where a ∈ [−∞,+∞).
(f3) limr→+∞ f (r)/rp−1 = +∞.
(f4) There exist constants α > 0 and r0  0, and a number t0 ∈ [0,1) such that F(tr) 
tαF (r) for r > r0 and t ∈ (t0,1), where the function F is defined by F(r) =∫ r
0 f (t) dt .(f5) G(r) = pF(r) − rf (r) is decreasing on (zf ,+∞) and min0rzf G(r) = G(zf ),
where zf = max{r: f (r) = 0}.
For above conditions, by (f1) and (f5) it is easy to show that if zf > 0 then f (r) < 0 for
r ∈ (0, zf ). On the other hand, when f ∈ C1(0,+∞), since
G′(r) = (p − 1)f (r) − rf ′(r) = −
(
f (r)
rp−1
)′
rp,
we have that G(r) = pF(r) − rf (r) is decreasing if and only if f (r)/rp−1 is increasing
on (zf ,+∞).
When f (r) = rα − rβ where α > β > −1, Cheng [2] investigated the case of p = 2.
Recently, Wei and Pang [7] has extended similar results on p > 1.
When f is a C2 function and convex or concave, the exact number of positive solutions
was studied by many authors; see for instance [1,3,5,6].
It is clear that Theorem 1.1 of this paper is a generalization of both [4] in the case zf > 0
and [7] in α  p − 1.
2. Proof of Theorem 1.1
The time-mapping which we apply to study the p-Laplacian Dirichlet problem (1.1)
takes the form as follows:
T (r) = Cp
r∫
0
[ r∫
v
f (z) dz
]−1/p
dv, r ∈ Λ, (2.1)
where Cp and Λ are given by (1.3) and (1.6)–(1.8).
For r ∈ Λ, let u(r, t) be a unique solution of the problem:
0 u(t) r, Cp
r∫
u(t)
[ r∫
v
f (z) dz
]−1/p
dv = |t |, (2.2)
for t ∈ [−T (r), T (r)].
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v
f (z) dz > 0 for
0 v < r . Thus, T (r) is well defined for all r ∈ Λ.
Firstly, we give two lemmas which show that to study the number of positive solutions
of (1.1) is equivalent to study the shape of the map T (r) on Λ. Since it is simple, the first
one is given without proof.
Lemma 2.1. For r ∈ Λ, y(t) = u(r, t) is a positive solution of problem (1.1) with b = T (r),
and y(0) = r .
Lemma 2.2. If b > 0 and y is a positive solution of problem (1.1), then y(0) ∈ Λ,
T (y(0)) = b, and y(t) = u(y(0), t) for t ∈ [−b, b].
Proof. Let t0 ∈ (−b, b) with
y(t0) = max
s∈[−b,b]y(s) = α. (2.3)
Then α > θ follows from (A1). By ψ(t) = |y′(t)|p−2y′(t) ∈ C1(−b, b) we have
d
dt
∣∣ψ(t)∣∣p/(p−1) = p
p − 1
∣∣ψ(t)∣∣p/(p−1)−2ψ(t)ψ ′(t) = p
p − 1y
′(t)ψ ′(t).
Hence,
d
dt
∣∣y′(y)∣∣p = − p
p − 1y
′(t)f
(
y(t)
)
for t ∈ (−b, b).
It follows from y′(t0) = 0 that
p − 1
p
∣∣y′(t)∣∣p =
α∫
y(t)
f (z) dz, t ∈ (−b, b). (2.4)
We claim
α∫
v
f (z) dz > 0 for v ∈ (0, α). (2.5)
Assume for contrary that there exists a v0 ∈ (0, α) such that
∫ α
v0
f (z) dz = 0. Then, v0 ∈
(0, θ) follows from α > θ . Let b0 = sup{t : y(t) v0}. By (2.4) and (A1) we obtain
p − 1
p
∣∣y′(t)∣∣p 
α∫
v0
f (z) dz = 0 for t ∈ (b0, b).
It follows that y(t) ≡ y(b) = 0 on [b0, b], a contradiction.
Now, according to (2.4), (2.5) and f (α) > 0, it can be proved that
y′(t) > 0 for t ∈ (−b, t0), y′(t) < 0 for t ∈ (−b, t0). (2.6)
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Cpy
′(t)
( α∫
y(t)
f (u)du
)−1/p
= 1, t ∈ (−b, t0),
and
−Cpy′(t)
( α∫
y(t)
f (u)du
)−1/p
= 1, t ∈ (t0, b).
Moreover,
Cp
α∫
y(t)
( α∫
v
f (u)du
)−1/p
dv = (t0 − t), t ∈ [−b, t0], (2.7)
and
Cp
α∫
y(t)
( α∫
v
f (u)du
)−1/p
dv = (t − t0), t ∈ [t0, b]. (2.8)
It follows from y(−b) = y(b) = 0 that
(t0 + b) = Cp
α∫
0
( α∫
v
f (u)du
)−1/p
dv = (b − t0). (2.9)
By (2.5) and (2.7)–(2.9) we have that t0 = 0, α ∈ Λ, T (α) = b and y(t) = u(α, t) for
t ∈ [−b, b]. The proof is complete. 
For Theorem 1.1, the time-mapping properties depend on the next lemmas.
Lemma 2.3. Let
h(s) = sf (s) − p
s∫
0
f (z) dz for s > 0. (2.10)
Then
h(r) − h(v) > 0 for r > θ > v > 0, (2.11)
and
h(r) − h(v) 0 for r > v  θ. (2.12)
Proof. It follows from (A1) that
h(θ) − h(v) = −p
θ∫
v
f (z) dz − vf (v)
 0 for θ  v > 0. (2.13)
386 J. Cheng / J. Math. Anal. Appl. 311 (2005) 381–388By (A2) we have
rf (r) − p
r∫
v
f (z) dz = rf (r) − p
r∫
v
f (z)
zp−1
zp−1 dz
 rf (r) − f (r)
rp−1
r∫
v
pzp−1 dz
= v
pf (r)
rp−1
for r > v  θ.
It follows that
h(r) − h(θ) = rf (r) − p
r∫
θ
f (z) dz θ
pf (r)
rp−1
> 0 for r > θ (2.14)
and
h(r) − h(v) = rf (r) − p
r∫
v
f (z) dz − vf (v)
 v
pf (r)
rp−1
− vf (v) = vp
(
f (r)
rp−1
− f (v)
vp−1
)
 0 for r > v  θ. (2.15)
Combine (2.13)–(2.15) to obtain the results of this lemma. 
Lemma 2.4. T (r) is continuous and strictly decreasing on (η,+∞), and
lim
r→η T (r) = B∞, limr→+∞T (r) = B0. (2.16)
Proof. For r ∈ Λ, we recall from (2.1) that
T (r) = Cp
1∫
0
[
Φ(r, t)
]−1/p
dt, (2.17)
where
Φ(r, t) = r−p
r∫
rt
f (z) dz. (2.18)
For r2 > r1 > η, since
Φ(r2, t) − Φ(r1, t) =
r2∫
∂Φ(r, t)
∂r
dr =
r2∫
r−p−1
[
h(r) − h(rt)]dr,r1 r1
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Φ(r2, t) > Φ(r1, t) for 0 < t < θ/r2
and
Φ(r2, t)Φ(r1, t) for θ/r2  t < 1.
It follows that T (r2) < T (r1). Thus, T (r) is strictly decreasing on (η,+∞) and the
Lebesgue convergence theorem implies that T (r) is continuous on (η,+∞). By
lim
r→+∞Φ(r, t) = limr→+∞
1∫
t
f (rs)
(rs)p−1
sp−1 ds =
(
lim
v→+∞
f (v)
vp−1
)(
1 − tp
p
)
we have limr→+∞ T (r) = B0. Finally, by (A1) and (1.5) we have
Φ(η, t) = η−p
η∫
ηt
f (z) dz 0 for t ∈ (0,1).
If there exists a t0 ∈ (0,1) such that Φ(η, t0) = 0, then by (A1) and (1.5) we have ηt0 < θ
and
ηt0∫
0
f (z) dz =
η∫
0
f (z) dz −
η∫
ηt0
f (z) dz = 0.
It follows that f (z) = 0 for z ∈ (0, ηt0) and Φ(η, t) = 0 for t ∈ (0, t0). Thus, limr→η T (r) =
+∞ = B∞. If Φ(η, t) > 0 for t ∈ (0,1), then the monotone convergence theorem implies
that
lim
r→η T (r) = Cp
1∫
0
[
Φ(η, t)
]−1/p
dt = B∞. 
Proof of Theorem 1.1 . From Lemmas 2.1–2.4, we can obtain the results of Theorem 1.1,
immediately. 
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